Abstract This paper shows new permutation polynomials over finite fields. Some of them are of the form x p k ± x + δ s + hx. Some others are complete mappings.
Introduction
In this paper, p represents a prime number, q = p n a prime power, F q the finite field of order q, and F * q its multiplicative group. A polynomial f (x) ∈ F q [x] is a permutation polynomial over F q if it induces a bijective map from F q to itself. If f (x) is a permutation polynomial, we denote by f −1 (x) the polynomial that is the compositional inverse of f (x) over F q . A polynomial of the form
is called a linearized polynomial over F q . In recent years, there has been interest in finding permutation polynomials with the form B José E. Marcos marcosje@agt.uva.es 1 Facultad de Ciencias, Universidad de Valladolid, Paseo de Belén, 47010 Valladolid, Spain
or a similar one. See [1, 10, 13, 14, 18, 19, [21] [22] [23] [24] [25] [26] . In this paper we introduce some new permutation polynomials of this shape. Our main inspiration was [24, Proposition 5.4] . A permutation polynomial g(x) is called a complete mapping polynomial if g(x) + x is also a permutation polynomial, see [16, 17] . Some of our permutation polynomials are complete mappings.
In Sect. 3, we study a new class of permutation polynomials of the aforementioned form. In Sect. 4, we present some minor results concerning permutations over finite fields. Our main results are the following ones:
Proof Let any c ∈ F q . We consider the equation
which is equivalent to
. Since this last polynomial is a permutation, there is a unique y satisfying this equality. And therefore, there exists a unique x ∈ F q satisfying (1).
Corollary 1 Let s, t be integers such that st
≡ 1 mod (q − 1). Let L(x) ∈ F q [x] be a linearized polynomial. If x s + L(x) is a permutation polynomial over F q , then the polynomial f (x) = (L(x) + δ) t + x permutes F q for any δ ∈ F q .
Examples concerning Theorem 1
We consider the Dickson polynomials of degree seven:
If a = 0 in the finite field F 5 m , this polynomial permutes F 5 m if and only if gcd(7, 5 2m − 1) = 1. That is, if and only if m = 3k. We consider
which is a linearized polynomial.
Proof It is a consequence of Theorem 1 and Equality (3).
We add some comments for the case that a = 1. We simply write
is a permutation polynomial over F 5 m if and only if m is odd. Equality (3) can now be written as follows,
Hence, if m = 6k ± 1, the three polynomials are permutation polynomials over F 5 m . If we replace x with the compositional inverse of any of the three polynomials, the resulting identity shows us a complete mapping. Analogously, if m = 6k ± 1, from Proposition 1, we conclude that
A similar reasoning can be done with 
Proposition 2 Let m and s be positive integers, m odd, such that
Proof The polynomial
is also a permutation polynomial. Applying Theorem 1, we get the result. 
Corollary 1 applied to polynomials of the form x s + L(x)
Let L(x) be a linearized polynomial. In the references [2, 5, 8, [11] [12] [13] 15] there are permutation polynomials of the form x s + L(x) to which Corollary 1 is applicable.
We shall apply Corollary 1 to another known class of polynomials. In the sequel, p denotes an odd prime.
Lemma 1 Let p be an odd prime. The linearized polynomial
permutes F p n if and only if b is not a ( p s − 1)-th power.
We consider the polynomial
This polynomial satisfies that S(x 2 ) = f (x) 2 . It is an exceptional polynomial. Exceptional polynomials are studied in [6, 27] . The following result is well known.
Proposition 3 ([6]) The above polynomial S(x) permutes F p n if and only if zero is its only root; if and only if b is not a (
We will need the following lemma on greatest common divisors. Although the next result is a consequence of Corollary 1, we think that it is better to give a direct proof.
Theorem 2 Let s, n be such that gcd((
is not a ( p s − 1)/2-th power, then the polynomial
Proof Let us show that the equation f (x) = c has a unique solution for each c ∈ F p n . This is equivalent to proving that
has a unique solution for each c ∈ F p n . We introduce a change of the unknown:
We obtain the equality
We set b = −h ( p s +1)/2 /2, which is not a ( p s − 1)/2-th power, and we get the equality
Applying Proposition 3, we conclude that (5) has a unique solution in F p n . Thus (4) has also a unique solution in F p n .
We are going to present some concrete examples of the above theorem. If we set p = 5 and h = 1, we get 
Remark If n is odd, then 2 is not a square in F 5 n , whence 2 is not a (5 s − 1)/2-th power in F 5 n . Since h(x + y) = h(x) + y for any x ∈ F 5 n and any y ∈ F 5 , this polynomial induces a permutation in the quotient group
, + .
Corollary 3 Let p = 4k + 3, s even, n odd and t such that t (
Proof We set h = 2. Then
For the last equality we use the fact that s is even. Since n is odd, −1 is not a square in F p n , and therefore neither a ( p s − 1)/2-th power. It is clear that the result follows from Theorem 2.
Let p = 4k + 1, then there is h ∈ F p such that h 2 = −4, since h ( p s −1) = 1, we have that h ( p s +1) = −4. Therefore, the polynomial in Theorem 2 has the form
Example: we set p = 13 and h = 3 ∈ F 13 .
Corollary 4 Let n be odd and let t (13
permutes F 13 n for each δ ∈ F 13 n .
Proof The element 3 ∈ F 13 has multiplicative order 3. Thus we have the following equality with sets:
None of the three elements is a square in F 13 , so neither it is in F 13 n with n odd. Since (13 s − 1)/2 is an even number, none of the three elements is a (13 s − 1)/2-th power in F 13 n . Applying Theorem 2 for h = 3, we conclude the proof.
Miscellany
In this section we introduce other minor results about permutations over finite fields. Some proofs are easy exercices and are omitted.
We consider again the Dickson polynomial (2) . We recall that D 7 (x, a) permutes F 5 m if and only if m = 3k. We have
The polynomial x x 2 − a 2 permutes F 5 m if and only if a is not a square in F 5 m ;
see Proposition 3 or [17] . If 7t ≡ 1 mod (5 m − 1), we rewrite the above equality as follows
Consequently we have the following result:
We use the trace map from F q 2 to F q , defined as follows:
Let j ∈ F q be non-square, then there exists α ∈ F q 2 such that α 2 = j. Each element x ∈ F q 2 can be written as x = a + bα, where a, b ∈ F q . Then x q = a − bα and T r(a + bα) = 2a.
Notice that, for x nonzero, the following equalities hold in F q 2 .
xT r(x q−1 ) = xT r(
where N (x) = x 1+q is the norm from F q 2 onto F q .
Lemma 3
Let q = 4k+1. Let T r : F q 2 −→ F q be the trace map. Then T r (x q−1 ) = 0 for all nonzero x ∈ F q 2 .
Proposition 5 Let q
Now, we use the trace and the norm maps from F p p to F p , defined as follows:
Proposition 6 The polynomial g(x)
Let σ be the Frobenius automorphism in
Lemma 4 The finite field F p p is a group with the binary operation a ⊕ b = a + σ T r(a) (b).
Using the previous group, we can define some permutations on F p p . Some of the previous results can be extended to finite fields of order p kp . For this purpose, we need the absolute trace function, T r : F p kp −→ F p , and the automorphism τ (x) = x p k , which has order p.
Proposition 7 If p is odd, the map f (x)
The first statement in Proposition 7 can be extended: If p is odd and c ∈ F p \ {−1}, the map f (x) = cx + σ T r(x) (x) is a permutation over F p p . To prove this fact, notice that, if f (x) = f (y), then T r(x) = T r(y).
